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The object of this paper is to prove: 
Theorem 1. The equation 

p 2 x 4 + 3px 2 y 2 + y 4 = z 2 

where p is an odd prime, has no solutions in integers with xy ¥" ifp — 5 or p =,'i, 7 (mod 20) or p = Z3 
(mod 40). 

Key words: Diophantine equation, Infinite descent. Quadratic residues. 

In this paper we indieate certain values ofp, where pis an odd prime, such that the equation 

p 2 x 4 + 3pi 2 yHy 4 = z 2 (1) 

has no integer solutions with xy ^ 0, and note some applications for the case p = 5. 

1. It is known that for p = 1 the equation (1) has no solution in integers with xy ^ § [1]. l We 
now let p stand for an odd prime and consider the integer solutions of (1). We need only consider 
the solutions with x^O, y^O, z ^ and (x, y) = l. If p | y, then p|z, and dividing through hy 
p 2 we get equation which is the same as (1) with x, y interchanged. Hence we assume that p -/-y (and 
so y t^ 0). Then it follows that x, y, zare prime each to each, and z is odd. Multiplying through by 4 
we write (1) as 

5(y 2 ) 2 + (2z) 2 = (2p* 2 + 3y 2 ) 2 

Since p is an odd prime we have (y 2 , 2z, 2px 2 -f 3y 2 ) = 1 or 2 according as y is odd or even. Hence 
[3] 

y z =drs,2z = ± -(r a -5s i ),2px 2 +3y 2 = - (r 2 + 5s 2 ) (2) 

2 ^ 

where d=\ or 4 according as r, 5 are integers of the same parity or of opposite parity, (r, 5s) = 
1, r 5* 1, 5 ^ 1. From the first equation in (2) we have r = R 2 , s = S 2 , y = \d RS > 0, where R, S 
are integers, (/?, 5S) = 1, /? ^ 1, S ^ 1. Writing D = Vd> 0, so that I) = 1 or 2 according as 
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ft and S are of the same or of opposite parity we have from (2) 

D 1 ,_ _ /WM „. x 



p* 



= — (ft 2 -5S 2 ) (ft 2 -S 2 ),y=DftS,z = ±— (ft 4 -5S 4 ) (3) 



as the solution of (1) in px 2 , y and z. If ft = S, then %=0, y 2 = ±s. Suppose now that R/S, and con- 
sider the first equation in (3). It is clear that either ft > V5S or ft <S; also that either p | (R 2 — S 2 ) 
or p | (ft- — 5S 2 ). We now prove 
Lemma 1. Let p|(R 2 — S 2 ). Then 

(i) i/R > V5S, the first equation in (3) is impossible ifp — 3 (mod 4) or p = 5 (moJ 8). 

(ii) if ft < S, there cannot occur a minimum value of z > 0. 

For, letting 8 = (ft-S, R + S) we have 5^2, and 8'= (ft 2 -5S 2 , ft 2 -S 2 ) = (4S 2 , R 2 -S 2 ) 
— 8 2 . Since p \ (ft 2 —S 2 ) we have R TS = (mod p) and so from the first equation in (3) we have 
either 



(a) R +S = p8u\R ±S = 8v 2 ,R 2 - 5S 2 = 8 2 w 2 , (ft > V5S) 



or 



(b) S + R = p8u 2 *S±R = 8v 2 ,5S 2 -R 2 = S 2 w 2 , (R < S) 

where u, v, w are positive integers, relatively prime pairwise, u =1= v , v # (mod p), and w is odd. 
The case (a) gives 

3p u 2 v 2 = p 2 tt 4 -f i; 4 + w 2 

Hence p|(i; 4 + uf 1 ). This is impossible ifp = 3 (mod 4). Also, ifp = 5 (mod 8), the number 3pu 2 v 2 is 
not a sum of three squares, because this number is of the form 4 A (&W + 7), A ^ 0. The result (i) of 
Lemma 1 follows. 

The case (b) gives 

p 2 u 4 -f 3pu 2 v 2 -\-v 4 = w 2 

which is the same as (1) and where 

M ;2 = l(5 S 2_ jR 2)^5 S 2_ /? 2 = (V5S + /?)(V5S-«) (4) 

8~ 
Now, since 1 ^ R ^ 5 — 1, we have 

V5-K (V5-l)R 2 + 2R-l= V5ft 2 -(ft-l) 2 
*s V5(S-l) 2 -(R-l) 2 =(V5S 2 -R 2 )-2(V5S-R) + (V5-l) 

and so VSS-R<\(V5S 2 -R 2 ) 

Also, plainly VSS+ft < V5S 2 + ft 2 for all ft, S under consideration. However, when ft, S are both 
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odd, we have, since 2 ^ R + 1 =^5 — 1, 

V5 + K V5(# + l) 2 +(/?-l) 2 ^ V5(S-1) 2 -h (/? — i; 



= (V^S 2 + /? 2 )-2(V5S + /?)+ V5+1 



and so V5S + tf<^(V5S 2 + # 2 ) 

Thus (with D defined above) V5S±R < - ( V5S 2 ±R 2 ) 

Hence the product of the two factors on the right hand side of (4) is 

<|(V5S 2 -h/? 2 ).|(V5S 2 -ft 2 )=^(5S 4 -/? 4 ) ^z 2 , by (3). 

By the method of infinite descent the result (ii) of Lemma 1 follows. 

Lemma 2. If $\(R 2 — 5S 2 ), the first equation in (6)is impossible ifp — ±3, ±7 (mod 20). 

For, if p\ (R 2 — 5S 2 ), then p +5, since otherwise 5\R, contrary to the fact that (/?, 5S) = 1. 

Hence ( - ] = 1. But [ L ) = - 1 for/; =±3, ±7 (mod 20), [2|. Lemma 2 follows. 

From the Lemmas 1 and 2 now follows directly 
THEOREM 1. The equation (1), where p is an odd prime, has no solutions in integers with xy =# 0,if 

p=5 or j) = 3,7 (mod 20) or p = 13 [mod 40). 

2. Applications for the case p = 5. 
Theorem 2. The equation 

x 4 + 3x 2 y 2 +v 4 = 5z 2 (5) 

/?r/5 no solutions in integers with x 2 =t= y 2 . 

Proof. We may suppose that {x, y, z) = l. Then x, y, z are prime each to each. Put t = xy 
so that (z, t)= \. Then from the equation (5) 

2 2 

5z 2 -f 2 -(x 2 + y 2 )"-c/ 2 ,5z 2 -5f 2 =(x 2 -y 2 ) = 25K 2 >0 (6) 

From the second equation in (6) we have, with d= (z + t, z — t) ^2, 

zTj = 5dm 2 , z±J=drc 2 (7) 

where a??, rc are relatively prime positive integers. From (7) and the first equation in (6) we then have 

5 2 m 4 + 3.5ro 2 ;i 2 + 7i 4 =(t//d) 2 

which is impossible b> theorem I. 
Theorem 3. The cubic curve 

£ 2 + 3£+1 = 5£t, 2 (8) 

has only the (finite) rationed points (1, ±1). 

For. let (£, r\) be a finite rational point on (8). Clearly £77 =t= 0. Write (with /, m,z, n integers) 
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£ = — , (/, /n) = l, m>0, /=f=0;77 = -,7i>0, z =*= 0. 

Then from (8) n 2 (/ 2 + 3/m + TO 2 ) = Slmz 2 

IF 5/w,we have, since (/ 2 + 3/ra + ra 2 , /m) = 1, 

/ 2 + 3/ra + m 2 =5z 2 , lm = n 2 
Since m > 0, we have / > 0. Thus / = x 2 , m = y 2 , where x, y are integers, (#, y) = l, xy 4= 0, and so 

% 4 + 3* 2 y 2 + y 4 = 5z 2 

By theorem 2, this equation has only the solutions x 2 = y 2 = l. Hence l = m=\ and so f =1, 17 =±1. 
For rc=5ra' we have similarly lm = 5n' 2 , l = 5x 2 , m = y 2 , leading to 

5V + 3.5* 2 y 2 + y 4 = z 2 , xy =h 

which is impossible theorem 1. Theorem 3 follows. 

1 Y 

Corollary. On writing y = £, y = 1 7-> (" ^ 0) we see £/ia£ £/ie cubic curve 

X(X 2 + 3X-hl)=5Y 2 
/ias ora/y the (finite) rational points (0, 0) , (1, ± 1). 
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